Answers are given to two questions concerning the existence of some sparse subsets of H = f0; 1; : : : ; H , 1g N, where H is a hyper nite integer. In x1, we answer a question of Kanovei by showing that for a given cut U in H, there exists a countably determined set X H which contains exactly one element in each U-monad, if and only if U = aN for some a 2 H r f0g. In x2, we deal with a question of Keisler and Leth in 6 . We show that there is a cut V H such that for any cut U, i there exists a U-discrete set X H with X + X = H mod H provided U $ V , ii there does not exist any U-discrete set X H with X +X = H mod H provided U V . We obtain some partial results for the case U = V .
V H such that for any cut U, i there exists a U-discrete set X H with X + X = H mod H provided U $ V , ii there does not exist any U-discrete set X H with X +X = H mod H provided U V . We obtain some partial results for the case U = V .
Notation and De nition
We always work within a xed ! 1 -saturated nonstandard universe V in the sense of 1 . The reader is assumed to befamiliar with the basic de nitions and facts about nonstandard universe and nonstandard analysis. Those de nitions and facts could be found in x4.4 of 1 , 2 or 7 . We write ; ; : : : for ordinals and ; ; : : : for cardinals.
We write ! for the rst in nite ordinal which is also the set of all standard natural numbers. For any n 6 ! we write n 2 for the set of all functions from fk 2 ! : k n g to 2. We write also ! 2 for the set S n2! n 2. Let N denote the set of all natural numbers and Z denote the set of all integers in V . For any real numberr in V , let r denote the greatest integer in Z which is less than or equal to r. For any set S, let cardS denote the set theoretic cardinality of S. If S is an internal set, then let jSj denote the internal cardinality of S in V . For any a; b 2 Z we write a; b exclusively for the interval of integers, i.e. a; b = fx 2 Z : a 6 x 6 bg. Similarly for a; b, a; b and a; b. In the cases of a; b, a; b o r a; b w e allow the numbers at the open-ends being non-integer real numbers. For example, , 5 2 ; 5 Note that a; b = ; when a b . Before answering the question let's look at some background information and motivation of the question. Parallel to the classical descriptive set theory over the real line, one can develop a descriptive set theory ove r a h yper nite set. Starting from the algebra of all internal subsets of H, one can have a smallest -algebra, called Borel" algebra, generated by those internal sets. With those Borel sets, one can generate all projective sets using projection operator. Beyond the algebra of all projective sets, there is a bigger algebra of countably determined sets. Countably determined sets are introduced in 3 . Note that all projective sets are countably determined. Note also that every subset of the real line is countably determined if one replaces internal subsets of H by open subsets of the real line in the de nition. Hence the concept of countably determined sets over H has no interesting analogue in the classical setting.
In order to show that countably determined sets are far from exhausting all subsets of H it is interesting to nd some nice but non-countably determined subsets of H.
First of all, Proposition 5.6 of 6 shows that there is no analytic U-choice set for any cut U. In fact, the proof shows that there is no Loeb measurable U-choice set for any cut U. I don't know if there exists a cut U such that there is a projective U-choice set of H with complexity higher than analytic or co-analytic. Hence, a U-choice set may not be simple in terms of descriptive complexity. Suppose X is an H=N-choice set. By Corollary 2.6 of 5 , one can show that X is not countably determined. In Proposition 5.4 of 6 , above result was generalized to that if a cut U has an uncountable co nality, then it is impossible to have a countably determined U-choice set in H. The condition of cfU being uncountable is used in an essential way in the proof so that it cannot easily begeneralized to the case of cfU being countable. To complete the picture, it is natural to explore the cases when cfU = !.
Kanovei's question is merely the rst testing case for U = N.
In this section we are going to complete the picture. For convenience, we consider countably determined subsets of N instead of H. It is easy to see that if X is a countably determined U-choice set of N and U H , then X Hor X H f H ,1g is a countably determined U-choice set of H. On the other hand, if X is an internal subset of Hi, then S fX + nH : n 2 Ng is also internal. Hence, if X is a countably determined U-choice set of H and a 2 X U ,monadH, then S fX rfag + nH : n 2 Ng is a countably determined U-choice set of N. 
It is easy to see that K 1 K 2 . Without loss of generality, we assume that K 1 6 = K 2 otherwise we pick the largest i 0 K such that fi 0 6 = gi 0 , and then replace K by i 0 and replace K 1 ; K 2 by fi 0 and gi 0 . Note that i 0 is not standard because f and g are not eventually same. Since g is not eventually 1, there is a hyper nite integer L with L K such that gL = 0 . Hence
This shows that jx , yj 6 2 N. 2Claim 1 Proof: The idea of the proof is from Proposition 1.5 of 8 . Since cfU is countable and U 6 = aN for any a 2 N r f0g, one can nd an increasing sequence ha n : n 2 !i co nal in U such that for all n 2 !, a n+1 6 2 a n N. Suppose the theorem is not true. Let X bea countably determined U-choice set in N. Let 2 Let X be the countably determined set constructed in Theorem 1.1 and let X 0 = X H. Let L be the Loeb measure generated by a normalized counting measure on H. Then X 0 is not Loeb measurable. This is because X 0 + n X 0 + m = ; for n; m 2 Z; n 6 = m and S n2Z X 0 + n has Loeb measure one.
3 Using X 0 in 2, one can construct a countably determined bijection from H to f0; 1; : : : ; 2H , 1g. Without loss of generality, let 0 2 X 0 and H , 1 2 X 0 . For each n 2 Z let F 2n be a function from X 0 + 2 n such that for each a 2 X 0 , F 2n a + 2 n = a + n and let F 2n+1 be a function from X 0 + 2 n + 1 such that for each a 2 X 0 F 2n+1 a + 2 n + 1 = H + a + n. Obviously, each F n is countably determined. Hence F = S n2Z F n is countably determined. It is easy to see that F is the desired bijection. Using the same argument, it is not hard to construct a countably determined bijection from H to f0; 1; : : : ; m H , 1g for a given m 2 N.
This o ers an alternative construction of a similar function in 5 . See also 4 for motivation.
2 U-discrete set X with X X = H Problem 9.14 of 6 stated that: For which cut U H does there exists a U-discrete set X H such that X X = H? The authors of 6 pointed out there that there is such an X when U = N and there is no such an X when X = H=N. In this section, we answer the question for all cuts U except one. The methods of the proofs here are basically cardinality arguments.
Throughout this section, let's x the following notation. Remarks: The proof actually shows that there does not exist a U-choice set X H such that X X = H. and the nonstandard universe is cf-saturated, then there i s a U-discrete set X H such that X X = H.
Proof: Let = cf and let h : i be a strictly increasing sequence of in nite regular cardinals co nal in . By Without loss of generality, we assume that a is even. Similar to the proof of Claim 2.7.2, one can show that for any even numbers z 0 ; z 1 a , z 0 0 z 1 i a , z 0 =2 0 a , z 1 =2:
